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Abstract
Starting with the partition functions for quantum group invariant sys-
tems we calculate the metric in the two-dimensional space defined by the
parameters β and γ = −βµ and the corresponding scalar curvature for
these systems in two and three spatial dimensions. Our results exhibit
the details of the anyonic behavior of quantum group boson and fermion
systems as a function of the fugacity z and the quantum group parameter
q. For the case of the quantum group SUq(2), we compare the stability
of these systems with the stability of SU(2) invariant boson and fermion
systems.
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1 Introduction
In the last twenty years there has been considerable interest on applications of
quantum groups [1][2], in addition to the theory of integrable models, to di-
verse areas of theoretical physics. The vast published literature on this subject
includes formulations of quantum group versions of Lorentz and Poincar’e alge-
bras [3], its use as internal quantum symmetries in quantum mechanics and field
theories [4], molecular and nuclear physics [5], and the formulation and study on
the implications of imposing quantum group invariance in thermodynamic sys-
tems [6]. In particular, it has been shown [7] that quantum group gases exhibit
anyonic behavior in two and thrre dimensions. More recent applications in-
clude gravity theories wherein the discreteness and non-commutative properties
of space-time at the Planck scale are approached mathematically by replacing
∗Electronic address:ubriaco@ltp.uprrp.edu
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the local symmetry by a quantum group symmetry [8] and applications to the
phenomena of entanglement [9].
A very different research field is the one based on the idea of using geom-
etry to study some properties of thermodynamic systems [10]-[14]. In partic-
ular, it consists in defining a metric in a two dimensional parameter space y
calculate the corresponding scalar curvature as a measure of the correlations
strength of the system [16]-[24], with applications to classical and quantum
gases [15][21][25][26], magnetic systems [27]-[30], non-extensive statistical me-
chanics [31]-[33], anyon gas [34]-[35], fractional statistics [36], deformed boson
and fermion systems [37] and systems with fractal distribution functions [38].
Some of the basic results of these approaches include the relationships between
the metric with the correlations of the stochastic variables, and the scalar cur-
vature R with the stability of the system, and the facts that the scalar curvature
R vanishes for the classical ideal gas, R > 0(R < 0) for a boson (fermion) ideal
gas, and it is singular at a critical point. Here, we wish to study the geome-
try of boson and fermion systems with quantum group symmetry. For reasons
of simplicity we will consider the simplest quantum group, SUq(2), invariant
Hamiltonian, and calculate the metric and the corresponding scalar curvature
R. This approach will allow us to obtain information about the stability of
quantum group boson (QGB) and quantum group fermion (QGF) systems as a
consequence of the interactions imposed by the requirement of quantum group
invariance, and it will also give us a complete picture about the anyonic behav-
ior of these systems in the whole range of values of the fugacity z. In Section
2 we describe briefly the formalism that leads to a SUq(2) invariant boson and
fermion Hamiltonians already studied in Ref. [6]. In Section 3 we calculate the
scalar curvature R for the cases of quantum group bosons and fermions in two
and three dimensions. In Section 4 we discuss and summarize our results.
2 Quantum Group Boson and Fermions
The quantum group SUq(N) invariant algebra is given by the following relations
ΩjΩi = δij ± q±1RkijlΩlΩk (1)
ΩlΩk = ±q∓1RjiklΩjΩi, (2)
where Ω = Φ,Ψ and the upper (lower) sign applies to QGB Φi (QGF Ψi)
operators. The N2 ×N2 matrix Rjikl is explicitly written [39]
Rjikl = δjkδil(1 + (q − 1)δij) + (q − q−1)δikδjlθ(j − i), (3)
where θ(j−i) = 1 for j > i and zero otherwise. The new fields Ω′i =
∑N
i=1 TijΩj ,
the SUq(N) transformation matrix T and the R-matrix satisfy the well known
algebraic relations [40]
RT1T2 = T2T1R, (4)
and
R12R13R23 = R23R13R12, (5)
2
with the standard embedding T1 = T⊗1, T2 = 1⊗T ∈ V⊗V and (R23)ijk,i′j′k′ =
δii′Rjk,j′k′ ∈ V ⊗ V ⊗ V .
In particular, the quantum group SUq(2) consists of the set of matrices
T =
(
a b
c d
)
with elements {a, b, c, d} generating the algebra
ab = q−1ba , ac = q−1ca
bc = cb , dc = qcd
db = qbd , da− ad = (q − q−1)bc
detqT ≡ ad− q−1bc = 1, (6)
with the unitary conditions [41] a = d, b = q−1c and q ∈ R. Hereafter, we take
0 ≤ q <∞. The corresponding R matrix is
R =


q 0 0 0
0 1 0 0
0 q − q−1 1 0
0 0 0 q

 .
For q = 1. Equations (1) and (2) reduce to the standard commutation and
anticommutations relations
φiφ
†
j − φ†jφi = δij
ψiψ
†
j + ψ
†
jψi = δij , (7)
which, for i, j = 1, ...N , are covariant under SU(N) transformations.
2.1 SUq(2)-bosons
For N = 2, Equations (1) and (2) reduce to the set of equations
Φ2Φ2 − q2Φ2Φ2 = 1 (8)
Φ1Φ1 − q2Φ1Φ1 = 1 + (q2 − 1)Φ2Φ2 (9)
Φ2Φ1 = qΦ1Φ2 (10)
Φ2Φ1 = qΦ1Φ2. (11)
The operators Φj should not be confused with the so called q-boson oscilla-
tors. A set (ai, a
†
i ) of q-bosons are defined, by the relations [42, 43]
aia
†
i − q−1a†iai = qN , [ai, a†j ] = 0 = [ai, aj], (12)
where N |n〉 = n|n〉. Several variations of Equation (12) are common in the
literature. By taking two sets of q-bosons, as defined in Equation (12), it has
been shown [42, 44] that the operators
J+ = a
†
2a1 , J− = a
†
1a2 , 2J3 = N2 −N1, (13)
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provide a realization of the quantum Lie algebra suq(2)
[J3, J±] = ±J± , [J−, J−] = [2J3]. (14)
The main distinction between the Φj operators with q-bosons is that, in
contrast to Equations (8)-(11), the algebraic relations in Equation (12) are not
covariant under the action of the SUq(2) quantum group matrices. Several
studies on the thermodynamics of q-bosons, and similar operators called quons
[45], have been published [46, 47]. The work devoted to the thermodynamics
of q-oscillators represents a study on the consequences of modifying boson com-
mutators, according to Equation (12) and its different versions, and no new
symmetry is imposed. On the other hand, the algebraic relations in Equations
(8)-(11), with the models discussed in this paper, address the implications that
result of imposing quantum group invariance in a thermodynamic system.
The simplest Hamiltonian written in terms of the operators Φj is given by
Hamiltonian with two species. It is simply written as
HB =
∑
κ
εκ(N1,κ +N2,κ), (15)
where [Φi,κ,Φκ′,j] = 0 for κ 6= κ′ and Ni,κ = Φi,κΦi,κ. For a given κ the
SUq(2) bosons are written in terms of boson operators φi and φ
†
i with usual
commutation relations: [φi, φ
†
j ] = δij as follows
Φj = (φ
†
j)
−1{Nj}qNj+1 , (16)
Φj = φ
†
jq
Nj+1 , j = 1, 2 (17)
leading to the interacting boson Hamiltonian
HB =
∑
κ
εκ{N1,κ +N2,κ},
=
∑
κ
εκ
q2 − 1
∞∑
m=1
2m lnm q
m!
(N1,κ +N2,κ)
m
, (18)
where Ni,κ is the ordinary boson number operator and the bracket {x} = (1−
q2x)/(1 − q2). Equation (15) becomes the standard free boson hamiltonian at
q = 1.
The grand partition function ZB is given by
ZB =
∏
κ
∞∑
n=0
∞∑
m=0
e−βεκ{n+m}eβµ(n+m), (19)
which after rearrangement simplifies to the Equation
ZB =
∏
κ
∞∑
m=0
(m+ 1)e−βεκ{m}zm, (20)
where z = eβµ is the fugacity.
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2.2 SUq(2)-fermions
For SUq(2) fermions, Equations (1) and (2) become
{Ψ2,Ψ2} = 1 (21)
{Ψ1,Ψ1} = 1− (1 − q−2)Ψ2Ψ2 (22)
Ψ1Ψ2 = −qΨ2Ψ1 (23)
Ψ1Ψ2 = −qΨ2Ψ1 (24)
{Ψ1,Ψ1} = 0 = {Ψ2,Ψ2}, (25)
The corresponding Hamiltonian in terms of the operators Ψi is simply
HF =
∑
κ
εκ(M1,κ +M2,κ), (26)
whereMiκ = Ψi,κΨi,κ and {Ψκ,i,Ψκ′,j} = 0 for κ 6= κ′. From Equation (25) we
see that the occupation numbers are restricted tom = 0, 1 and therefore SUq(N)
fermions satisfy the Pauli exclusion principle. For a given κ a normalized state
is simply written
Ψ
n
2Ψ
m
1 |0 >, n,m = 0, 1 (27)
and the Mi operator satisfies
[M2,Ψ1] = 0, (28)
and
M1Ψ2 − q2Ψ2M1 = 0. (29)
The grand partition function is given by
ZF = Tr e−
∑
κ
εκ(M1,κ+M2,κ)eβµ(M1,κ+M2,κ), (30)
where Mi,κ = ψ
†
i,κψi,κ are the standard fermion number operators, and the
trace is taken with respect to the states in Equation (27). Since the pair Ψ2,Ψ2
satisfies standard anticommutation relations we can identify it without any loss
of generality with a fermion pair ψ2, ψ
†
2. In addition, from Equations (22) and
(25) we see that the operator Ψ1(Ψ1) is a function of the operator ψ1(ψ
†
1) times
a function ofM2. A simple check shows that Equations (21)-(25) are consistent
with the following representation of Ψi operators in terms of fermion operators
ψj
Ψ2 = ψ2 (31)
Ψ2 = ψ
†
2 (32)
Ψ1 = ψ1
(
1 + (q−1 − 1)M2
)
(33)
Ψ1 = ψ
†
1
(
1 + (q−1 − 1)M2
)
, (34)
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and according to Equations (1) and (2) this result easily generalizes for arbitrary
N to
Ψm = ψm
N∏
l=m+1
(
1 + (q−1 − 1)Ml
)
, (35)
and similarly for the adjoint equation.
The grand partition function ZF is written
ZF =
∏
κ
1∑
n=0
1∑
m=0
e−βεκ(n+m−(1−q
−2)mneβµ(n+m)
=
∏
κ
(
1 + 2e−β(εκ−µ) + e−β(εκ(q
−2+1)−2µ)
)
(36)
which for q = 1 becomes the square of a single fermion type grand partition
function. From Equation (36) we see that the original Hamiltonian becomes the
interacting Hamiltonian
HF =
∑
κ
εκ
(
M1,κ +M2,κ + (q
−2 − 1)M1,κM2,κ
)
. (37)
Therefore the parameter q 6= 1 mixes the two degrees of freedom in a nontrivial
way through a quartic term in the Hamiltonian.
It is interesting to remark the distinction between SUq(2)-fermions with the
so called q-fermions bi and b
†
i . The q-fermionic algebra was introduced in [44]
bb† + qb†b = qNq (38)
b†b = [Nq] (39)
bb† = [1−Nq] (40)
b2 = 0 = b†2, (41)
where the bracket [x] = q
x−q−x
q−q−1 and the number operator Nq|n〉 = n|n〉 with
n = 0, 1. The algebra in Equations (38)-(41) is not invariant under quantum
group transformations.
3 Scalar Curvature
The partition functions in Equations (20) and (36) have exponential form and
therefore we can simply define the metric according to Ref. [23] as
gαγ =
∂2 lnZ
∂βα∂βγ
, (42)
in the two-dimensional parameter space with coordinates β1 = β and β2 =
−βµ. Once the metric is obtained, the scalar curvature follows from the basic
definitions
R =
2
detg
R1212, (43)
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where detg = g11g22−g12g12 and the non-vanishing part of the curvature tensor
Rαβγλ is given in terms of the Christoffel symbols Γαβγ =
1
2
∂gαβ
∂βγ as follows
Rαβγλ = g
ηθ (ΓηαλΓθβγ − ΓηαγΓθβλ) . (44)
The calculation of R simply reduces to solve
R =
1
2(detg)2
∣∣∣∣∣∣
g11 g22 g12
g11,1 g22,1 g21,1
g11,2 g22,2 g21,2
∣∣∣∣∣∣ ,
where gαβ,λ = ∂gαβ/∂β
λ.
3.1 Quantum Group Bose-Einstein case
From Equations (20) and (42) the components of the metric can be written in
three and two spatial dimensions as follows
g11 = C1
β−2
λD
∫ ∞
0
xν ln fdx = C1
β−2
λD
aν ,
g12 = − C2 β
−1
λD
∫ ∞
0
xν
f ′
f
dx = C2
β−1
λD
bν , (45)
g22 = C3
1
λD
∫ ∞
0
xν
(
f ′′
f
− f
′2
f
)
dx = C3
1
λD
cν ,
where we defined a new variable x = βp2/2m, ν = D−22 , the coefficients are
C1 =
15V
2
√
pi
, C2 =
3V√
pi
, C3 =
2V√
pi
for D = 3, C1 = 2A, C2 = A = C3 for D = 2, λ
is the thermal wavelength and f ′ = ∂f∂γ . The function
f = 1 +
∑
m=1
(m+ 1)e−x{m}zm. (46)
After taking the corresponding derivatives we find that the scalar curvature is
given for D = 3
R =
5
√
piλ3
V
(
cνb
2
ν + aνdνbν − 2aνc2ν
(5aνcν − 3b2ν)2
)
, (47)
and for D = 2
R = 2
λ2
A
(
cνb
2
ν + aνdνbν − 2aνc2ν
(2aνcν − b2ν)2
)
, (48)
where dν = ∂cν/∂γ and the values of ν = 1/2 and ν = 0 for D = 3 and D = 2
respectively. In order to compare our results with the standard q = 1 case
and the fact that SUq(2) operators are doublets we have multiplied our scalar
curvature results by a factor of 2. In general, for SUq(N) the scalar curvature
will have an additional factor of 1/N that will have to be removed so we can
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Figure 1: The scalar curvature R, in units of λ3V −1, as a function of the fugacity
z for quantum group bosons atD = 3 and constant β for the cases of q = 1 (solid
line), q = 0.5 (dashed line) and q = 1.15 (dotted line) and q = 2 (dashed-dotted
line).
compare the results with the scalar curvature for q = 1 and N = 1. Figures
1 and 2 display the results of a numerical calculation of Equation (47) for the
scalar curvature of a QGB system in D = 3. Figure 1 shows that for 0 < q ≤ 1
the curvature is positive for all z values, and therefore the system is bosonic. In
addition, the system becomes more stable than the standard Bose-Einstein case
at higher values of z. For 1 < q ≈ 1.2 the system exhibits anyonic behavior as a
function of z and becomes purely fermionic for all values of z and q > 1.2. Figure
2 is a graph of the scalar curvature for D = 3 as a function of the quantum
group parameter q at z = 0.2, 0.5, 0.8. The graph shows a maximum instability
that moves nearer the value q = 1 as the fugacity increases its value. The
system mimics a classical behavior in the interval 1 < q < 1.27. In particular,
for q >> 1 the scalar curvature remains negative and approximately constant.
Figures 3 and 4 show graphs of the scalar curvature for D = 2. Figure 3 displays
the scalar curvature for q = 0.5, 1, 1.15 as a function of z. For 0 < q < 1 the
system is bosonic and more stable at z ≈ 1 than the standard case q = 1. For
q > 1 the system goes from bosonic to fermionic and becomes bosonic becoming
more unstable as z approaches the value of 1. Figure 4 shows the change in the
scalar curvature for three values of z as a function of the quantum parameter q.
For the values 0 < z ≈ 0.73 and q > 1 the system becomes fermionic increasing
its instability with the value of z with R approximately constant for q >> 1.
For z > 0.73, the system goes from bosonic → fermionic → bosonic behavior
keeping R a constant positive value for q >> 1. In particular, the system is
more unstable at higher values of z. For 0.2 < z < 0.8 the scalar curvature
vanishes in the interval 1.12 < q < 1.3.
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Figure 2: The scalar curvature R for quantum group bosons at D = 3, in units
of λ3V −1, as a function of the parameter q and values for the fugacity z = 0.2
(solid line), z = 0.5 (dashed line) and z = 0.8 (dotted line).
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Figure 3: The scalar curvature R, in units of λ2A−1, as a function of the fugacity
z for quantum group bosons bosons at D = 2 and constant β for the cases of
q = 1 (solid line), q = 0.5 (dashed line) and q = 1.15 (dotted line).
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Figure 4: The scalar curvature R for quantum group bosons at D = 2, in units
of λ2A−1, as a function of the parameter q and values for the fugacity z = 0.2
(solid line), z = 0.5 (dashed line) and z = 0.8 (dotted line).
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Figure 5: The scalar curvature R for quantum group fermions at D = 3, in
units of λ3V −1, as a function of z at constant β for the values q = 1 (solid line),
q = 0.5 (dashed line), and q = 10 (dotted line).
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Figure 6: The scalar curvature R for quantum group fermions at D = 3, in units
of λ3V −1, as a function of the parameter q and values for the fugacity z = 0.1
(solid line), z = 0.5 (dashed line), z = 2 (dotted line) and z = 10 (dashed-dotted
line).
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Figure 7: The scalar curvature R for quantum group fermions at D = 2, in
units of λ2A−1, as a function of z at constant β for the values q = 1 (solid line),
q = 0.5 (dashed line) and q = 10 (dotted line).
11
-0.55
-0.5
-0.45
-0.4
-0.35
-0.3
-0.25
-0.2
-0.15
-0.1
-0.05
 0
 0  1  2  3  4  5
R
q
Figure 8: The scalar curvature R for quantum group fermions at D = 2,in units
of λ2A−1, as a function of the parameter q and values for the fugacity z = 0.1
(solid line), z = 0.5 (dashed line), z = 2 (dotted line) and z = 10 (dashed-dotted
line).
3.2 Quantum Group Fermi-Dirac case
From Equation (36) we obtain for the components of the metric
g11 = C1
β−2
λD
∫ ∞
0
xν lnh dx = C1
β−2
λD
a˜ν ,
g12 = − C2 β
−1
λD
∫ ∞
0
xν
h′
h
dx = C2
β−1
λD
b˜ν , (49)
g22 = C3
1
λD
∫ ∞
0
xν
(
h′′
h
− h
′2
h
)
dx = C3
1
λD
c˜ν ,
where the function h is given by
h = 1 + 2e−xz + e−(q
−2+1)xz2, (50)
leading to equations identical to Equations (47) and (48) with the replacements
of aν , bν and cν by a˜ν , b˜ν and c˜ν respectively. Figures 5 and 6 show the scalar
curvature for a QGF system at D = 3. Figure 5 shows that for q < 1 the
system is fermionic and more unstable than the q = 1 case. For q = 10 the
system is bosonic for small values of z becoming fermionic and more stable at
higher values of z as compared with the q = 1 case. For z > 25 the scalar
curvature is approximately constant. Figure 6 is a graph of R vs. q for the
values z = 0.1, 0.5, 2, 10. For z = 0.1 the system becomes bosonic for q ≥ 2.3.
This QGF system is more stable than the q = 1 system when q < 1 and it is
more unstable than the q = 1 system when q > 1. Figures 7 and 8 display the
results for a QGF system for D = 2. Figure 7 shows that for q < 1 a QGF
system is less stable than for q = 1, and for q > 1 is more stable at lower values
of z. Figure 8 shows the results of R vs. q for four values of z. For q < 1 the
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scalar curvature is almost independent of q. However, for q > 1 there is more
stability at lower values of z. Quantum group fermions do not exhibit anyonic
behavior at D = 2.
For low z we can simply find the value of q at which the system changes from
bosonic to fermionic and viceversa. For the case of QGF systems for D = 3 at
high temperatures (very low z) we obtain [48] from Equation (36) at second
order in z
lnZF =
27/2pi3/2V
λ3
(z
2
− α(q)z2 + ...
)
, (51)
where
α(q) =
1
2
(
1
23/2
− 1
2(q−2 + 1)3/2
)
. (52)
From the total average number of particles
< N > =
1
β
∂ lnZF
∂µ
=
27/2pi3/2V
λ3
(
z
2
− α(q)8 < N >
2 β3
λ2pi
)
(53)
we obtain at second order in < N >
z =
λ3
pi3/225/2
< N >
V
+
α(q)λ6
pi224
(
< N >
V
)2
. (54)
For q < 1.96 the function α(q) is positive and therefore the QGF behaves as
a fermion system, and for q > 1.96 the function α(q) becomes negative and
therefore QGF become bosonic. For QGB systems we have
z =
1
2
λ3
< N >
V
+ δ(q)λ6
(
< N >
V
)2
, (55)
z =
1
2
λ2
< N >
A
+ η(q)λ4
(
< N >
A
)2
(56)
with the corresponding parameters
δ = − 1
4
(
3
(1 + q2)3/2
− 1√
2
)
,
η = − 2− q
2
4(1 + q2)
, (57)
for D = 3 and D = 2 respectively. For D = 3 and q > 1.27 the function δ(q) > 0
and for D = 2 and q >
√
2 the function η(q) > 0 and the QGB systems become
fermionic.
Certainly, the advantage of the calculation of the scalar curvature is that it
gives a description of the anyonic behavior in the whole range of z values, which
means high and low temperatures.
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Figure 9: The virial coefficients α(q) (solid line), δ(q) (dashed line) and η(q)
(dotted line) for QGF in D = 3, QGB in D = 3 and QGB in D = 2 respectively
We summarize the sign of the scalar curvature for D = 3 and D = 2 for
z ≈ 0 in the following two tables:
D = 3
QGB q < 1.27 R > 0
q > 1.27 R < 0
QGF q < 1.96 R < 0
q > 1.96 R > 0
D = 2
QGB q <
√
2 R > 0
q >
√
2 R < 0
QGF ∀q R < 0
Figure 9 displays the dependence of the virial coefficients α(q), δ(q) and η(q)
on the quantum group parameter. For the case of QGF in D = 2 the sign of
the virial coefficient does not change ∀q and no anyonic behavior occurs.
4 Conclusions
In this manuscript we have calculated the scalar curvature R for systems with
quantum group symmetry. The values of the scalar curvature tell us about the
corelations and therefore the stability of the system. In addition, since R is pos-
itive (negative) for bosons (fermions) these calculations give us a more detailed
picture about their anyonic behavior than a calculation of the virial coefficients
could provide. There is no anyonic behavior for those values 0 < q ≤ 1, and
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anyonic behavior occurs for QGB systems in D = 3 and D = 2 and QFG sys-
tems in D = 3. In particular, for QGB systems in D = 2 the behavior goes from
bosonic to fermionic and then bosonic near the value z = 1 in the neighborhood
of q = 1.15. In general, QGB are more unstable for 0 < q < 1 and z = 0 and
more stable near z = 1 than for q = 1. For QGF systems in D = 3 our results
show more instability for 0 < q < 1 and more stability for q > 1, while for
D = 2 the scalar curvature is almost q independent for 0 < q < 1 becoming
more stable for larger values of q. The QGF system in D = 2 is the only one
that does not exhibit anyonic behavior at any temperature. Although at this
moment is still an open question the relevance that quantum groups may have
outside the theory of the inverse scattering method and integrable models in
the context of Yang-Baxter algebras, and whether the interactions induced by
the requirement of quantum group invariance are realizable in quantum sta-
tistical mechanics, this work provides a theoretical framework to understand
boson-fermion transmutation in two and three dimensions which could have
implications in other areas of physics.
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